The method of graphical condensation for enumerating perfect matchings was found by Propp (Theoretical Computer Science 303(2003), 267-301), and was generalized by Kuo (Theoretical Computer Science 319 (2004), 29-57). In this paper, we obtain some more general results on graphical condensation than Kuo's. Our method is also different from Kuo's. As applications of our results, we obtain a new proof of Stanley's multivariate version of the Aztec diamond theorem and we enumerate perfect matchings of a type of molecular graph. Finally, a combinatorial identity on the number of plane partitions is also given.
Introduction
Throughout this paper, we suppose that G = (V (G), E(G)) is a simple graph with the vertex set V (G) = {v 1 , v 2 , · · · , v n } and the edge set E(G) = {e 1 , e 2 , · · · , e m }, if not specified. A perfect matching of G is a set of independent edges of G covering all vertices of G. We denote the set of perfect matchings of G by M(G) and the number of perfect matchings of G by M (G). If G is a weighted graph, the weight of a perfect matching P of G is defined to be the product of weights of edges in P . We also denote the sum of weights of perfect matchings of G by M (G). Let A be a subset of the vertex set V (G). By G − A we denote the induced subgraph of G by deleting all vertices in A and the incident edges from G.
Zeilberger [15] Zeilberger's proof involves superimposing a perfect matching of one bipartite graph onto a perfect matching of another, and then partitioning that union into perfect matchings of two other bipartite graphs. Kuo [8] called this procedure for enumerating perfect matchings "graphical condensation". In terms of this idea, Propp [11] proved the following result.
Proposition 1.1 (Propp [11] ) Let G = (U, V ) be a plane bipartite graph in which |U | = |V |. Let vertices a, b, c, and d form a 4−cycle face in G, a, c ∈ U , and b, d ∈ V . Then
Kuo [8] generalized Propp's above result as follows. 
In this paper, we use Ciucu's Matching Factorization Theorem in [1] to prove some more general results on graphical condensation for enumerating perfect matchings than Kuo's. As applications of our results, we obtain a new proof of Stanley's multivariate version of the Aztec diamond theorem and we enumerate perfect matchings of a type of molecular graph. Finally, a combinatorial identity on the number of plane partitions is also given.
Some results on graphical condensation
We say a plane graph G is symmetric if it is invariant under the reflection across some straight line (say symmetry axis). Figure 1(a) shows an example of a symmetric plane graph. A weighted symmetric graph is a symmetric graph equipped with weight on every edge of G that is constant on the orbits of the reflection. The width of a symmetric graph G, denoted by ω(G), is defined to be half the number of vertices of G lying on the symmetric axis. Clearly, if ω(G) is not an integer then M (G) = 0. Hence we suppose that there are even number of vertices of G lying on the symmetry axis.
Let G be a plane bipartite weighted symmetric graph with symmetry axis , which we consider to be horizontal. Let s 1 , t 1 , s 2 , t 2 , · · · , s k , t k be the vertices lying on as they occur from left to right. Let us color the vertices of G in two bipartition classes black and white. For definiteness, choose the leftmost vertex lying on the symmetric axis to be white. We define two subgraphs G + and G − as follows. Perform cutting operations above all white s i 's and black t i 's and below all black s i 's and white t i 's. Note that this procedure yields cuts of the same kind at the endpoints of each edge lying on . Reduce the weight of each such edge by half, leave all other weights unchanged. Since G is a plane bipartite weighted symmetric graph, after removing the vertices on the symmetry axis the graph produced by the process above is disconnected into one component lying above , which we denote by G + , and one below , denoted by G − . Figure 1(b) illustrates this procedure for the graph pictured in Figure 1 (a) (the edges whose weights have been reduced by half are marked by 1 2 ). Theorem 2.1(Ciucu [1] ) Let G be a plane bipartite weighted symmetric graph with even number of vertices, which splits into two parts G + and G − after removing the vertices on the symmetry axis. Then
where G + and G − denote the upper and lower half obtained by the procedure of separating G as described above, k is half the number of vertices of G lying on the symmetry axis.
Now we are in the position to prove our main results.
where the sum ranges over all subsets (X, Y ) of (
and
Proof Since G is a plane graph, for an arbitrary face F of G there exists a planar embedding of G such that the face F is the unbounded one. Hence we may assume that vertices a 1 , b 1 , a 2 , b 2 , . . . , a k , b k appear in a cyclic order on the unbounded face of G. Take two copies of the weighted graph G, denoted by
i |1 ≤ i ≤ n}, respectively, and leave weights of all edges unchanged. Hence a
k appear in a cyclic order on the unbounded face of G 1 and a
k appear in a cyclic order on the unbounded face of G 2 . Construct a new plane weighted, bipartite graph with 4n + 2k vertices, denoted by
Let the weight of every edge in {a Obviously, G is a plane weighted bipartite graph. Furthermore, by the definition of the symmetric graph, G is a symmetric weighted, bipartite plane graph with symmetry axis , which can be separated into two parts G + and G − . Figure 3 (a) and (b) show this separating procedure for the extremal case a i ∈ U and b i ∈ V for 1 ≤ i ≤ k. Hence, by Ciucu's Matching Factorization Theorem, we have
It is not difficult to see that after removing the forced edges we have the following Figure 3 : (a). The graph G for the extremal case a i ∈ U and
The graphs G + and G − for the extremal case a i ∈ U and
On the other hand, we can partition the set M( G) of perfect matchings of G such that
where M i denotes the set of perfect matchings of G containing exactly i edges in subset
2 , 1 ≤ j ≤ k} of E( G) and exactly i edges in the subset {a
The theorem thus follows from (1) and (2).
If we set a i ∈ U and b i ∈ V for 1 ≤ i ≤ k in Theorem 2.2, then we obtain the following. 
where the sum ranges over all subsets (X, Y ) of A × B such that |X| = |Y |, and
Similarly, we can obtain the following.
Corollary 2.4 Let G = (U, V ) be a plane weighted bipartite graph in which U = {u i |1 ≤ i ≤ n} and V = {v i |1 ≤ i ≤ n} . Let vertices a 1 , a 2 , . . . , a k , b 1 , b 2 , . . . , b k appear in a cyclic order on a face of G. If A = {a i |1 ≤ i ≤ k} ⊆ U , and B = {b i |1 ≤ i ≤ k} ⊆ V , then
where 
where
Applications
As applications of some results in Section 2, we enumerate perfect matchings of the weighted Aztec diamond in Subsection 3.1 and a type of molecular graph in Subsection 3.2. Finally, we obtain a combinatorial identity on the number of plane partitions.
Enumerating perfect matchings of the weighted Aztec diamond
The Aztec diamond of order n, denoted AD n , is defined to the graph whose vertices are the white squares of a (2n + 1) × (2n + 1) chessboard with black corners, and whose edges connect precisely those pairs of white squares that are diagonally adjacent (Figure 4(a) illustrates AD 4 ). Authors in [5] presented four proofs that M (AD n ) = 2 n(n+1)/2 . Ciucu [2] showed that M (AD n ) = 2 n M (AD n−1 ), which clearly implies the previous formula (since M (AD 1 ) = 2). Kuo [8] proved that the cardinality of
which, in turn, implies that M (AD n ) = 2 n(n+1)/2 . Now regard the Aztec diamond of order n as a weighted graph and weight every 4−cycle in i−th vertical line by assigning the variables x i , y i , w i and z i to its four edges, starting with the northwestern edge and going clockwise. We denote this weighted Aztec diamond of order n by (AD n ; 1 ≤ i ≤ n) (the case n=4, i.e. (AD 4 , 1 ≤ i ≤ 4), is illustrated in Figure 4(a) , the array on the right indicates the weight pattern on edges). We weight every 4−cycle of AD n in the i−th vertical line by assigning the variables x i+1 , y i+1 , w i+1 and z i+1 to its four edges, starting with northwestern edge and going clockwise. Denote this weight Aztec diamond of order n by (AD n ; 2 ≤ i ≤ n + 1) (the case n=3, i.e. (AD 3 , 2 ≤ i ≤ 4), is illustrated in Figure 4(b) , the array on the right indicates the weight pattern on the edges).
By (11)− (13) and Theorem 3.1, we have
The theorem thus follows.
Remark 3 If we set
x i = y i = w i = z i = 1 for 1 ≤ i ≤ n, then, by Theorem 3.2, we have M (AD n ) = 2 n(n+1)/2 .
Enumerating perfect matchings of a type of molecular graph
A hexagonal system [6] is a finite connected graph without cut vertices in which every interior face is bound by a regular hexagon of side length 1. Hexagonal systems are the natural graph representations of benzenoid hydrocarbons. This topic can be found in numerous books on chemistry [4, 6, 7, 10, 14] . There are strong connections between combinatorial and chemical properties for such molecular graphs; for instance, those edges which are present in comparatively few of the perfect matchings of a graph turn out to correspond to the bonds that are least stable, and the more perfect matchings a hexagonal system possesses, the more stable is the corresponding molecule. Since hexagonal rings are so predominant in the structure of hydrocarbons, chemists gave most of their attention to counting perfect matchings of benzenoids (see [12] ). The number of perfect matchings of a hexagonal system is an important topological index which had been applied for estimation of the resonant energy and total π−electron energy and calculation of pauling bond order (see [7, 10, 14] ). In this subsection, we consider a type of hexagonal systems L(m, n) (see Figure 5(a) ), which is called a parallelogram in [6] . If we cut two "corners" (see Figure 5 (a)) of L(m, n), another hexagonal system is obtained, which is denoted by CL(m, n) (see Figure 5(b) ).
Lemma 3.3 (Gutman and Cyvin
Theorem 3.4 For the hexagonal system CL(m, n), 
A combinatorial identity on the number of plane partitions
The a, b, c semiregular hexagon is the hexagon whose side lengths are in cyclic order, a, b, c, a, b, c. Lozenge tilings of this region are in correspondence with plane partitions with at most a rows, at most b columns, and no part exceeding c. MacMahon [9] showed the number of such plane partitions, here denoted by T a,b,c , is
With the help of our Corollary 2.5, we will prove the following combinatorial identity. 
